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We consider two ultracold particles confined in spherically symmetric harmonic trap and interact-
ing via isotropic potential with absorbing boundary conditions at short range that models reactive
scattering. First, we apply the contact pseudopotential with complex scattering length and investi-
gate the properties of eigenergies and eigenfunctions for different trap states as a function of real and
imaginary part of the scattering length. In the analyzed case the eigenenergies take complex values,
and their imaginary part can be interpreted in terms of decay rates. Then we introduce the model
of a square well with absorbing boundary conditions that is later used to investigate the effects of
the finite range of interaction on the properties of a reactive scattering in the trap. Finally, we
analyze the decay rates for some reactive alkali dimer molecules assuming short-range probability
of reaction equal to unity. In this case the complex scattering length is given by universal value
related to the mean scattering length of van der Waals interaction between molecules.
PACS numbers: 34.50.Cx,34.50.Lf
I. INTRODUCTION
Ultracold gases of molecules attract an increasing ex-
perimental and theoretical interest [1, 2]. Some of them
undergo chemical reactions that can be controlled by
external fields [3], by the internal spin state [4] or by
aligning dipolar molecules in optical lattice structures
of reduced dimensions [5–10]. Understanding reactive
processes at extremely low temperature is very relevant
in quantum chemistry [1, 2]. While reactions of highly
reactive species can be well understood with the help
of universal models derived from the properties of the
long-range potentials [6, 11–14], collisions of nonreactive
molecules is far more complicated, as the scattering is
affected by the presence of a dense spectrum of overlap-
ping resonances. The latter case can be treated by mod-
els combing quantum-defect methods with assumptions
derived from random-matrix theory [15, 16].
In this work, we present an analytic treatment of ultra-
cold reactive collisions between particles interacting with
an isotropic potential, such as S-state atoms or rotation-
less polar molecules in the absence of an external electric
field, confined in a three-dimensional harmonic trap. Our
modeling is based on the application of quantum-defect
theory and includes some key simplifying assumptions
regarding the short range molecular dynamics. In par-
ticular, when the short range chemical reactivity is high,
molecular collisions exhibit universal elastic and inelastic
collision properties that depend only on the long range
potential. Our results may also find application to nonre-
active alkali dimer molecules in excited vibrational levels,
since theoretical calculations [17, 18] suggest that their
vibrational levels quench to lower vibrational levels with
near-universal rate constants. In this work we focus on
scattering in s-wave channel, which dominates at ultra-
cold temperatures in collisions of bosonic or distinguish-
able molecules. Harmonic trapping of polar molecules
can be realized by confining them in wells of an opti-
cal lattice, which was recently demonstrated for a num-
ber of cases [19–23]. In practice, alkali dimer molecules
may be formed by STIRAP transfer process from weakly
bound Feshbach molecules directly in the optical lattice
[19, 22, 23]. Realization of the quantum system with
two molecules at a single lattice cell, can be envisioned
by trapping the molecules in a periodic structure of a
double-well potentials, and later by lowering the barrier
separating the wells [24].
This work is structured as follows. In section II we dis-
cuss properties of solutions for two particles interacting
via regularized δ- pseudopotential with complex scatter-
ing length and confined in isotropic harmonic trap. In
section III we present the model of a square well poten-
tial with absorbing boundary conditions, which is later
used in section IV to discuss the effects of the finite range
interactions on reactive collisions in traps. Finally, in
Section V we apply our model to bosonic KRb and LiCs
dimer molecules and predict they decay rates in tight
harmonic traps. We discuss the results and conclude in
Sec. VI.
II. CONTACT PSEUDPOTENTIAL MODEL
FOR TRAPPED MOLECULES
A. Complex scattering length
In our investigation we consider collisions of two S-
state atoms or two molecules in the ground rovibrational
state. We model loss collision or the chemical reaction
between them using the Fermi pseudopotential
U(r) =
2pi~2a
µ
δ(r)
∂
∂r
r (1)
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2with complex scattering length a = α − iβ and reduced
mass µ. This assumes that characteristic range of van
der Waals interaction between particles is much smaller
than typical length scale of the trapping potential. The
imaginary part β > 0 is responsible for reactive collisions
and loss of particles from the entrance channel. The real
and the imaginary part of the scattering length determine
elastic Kel and reactive Kre rate constants of molecules
in the ultracold regime
Kel(E) = g pi~
µk
|1− Sγγ(E)|2 = 2ghk
µ
|a|2f(k) , (2)
Kls(E) = g pi~
µk
(
1− |SγγE)|2
)
= 2g
h
µ
βf(k) , (3)
where k = 2µ(E −Eγ)/~2 with E denoting the total en-
ergy, Sγγ(E) is the diagonal element of S matrix corre-
sponding to the entrance channel γ, and Eγ the threshold
energy of the channel γ. The factor g = 1 except that
g = 2 when both particles are identical species in identi-
cal internal states, and partial wave quantum number `
is restricted to being even (odd) in the case of identical
bosons (fermions). The function
f(k) =
1
1 + k2|a|2 + 2kβ , (4)
has the property that 0 < f(k) ≤ 1 and f(k) → 1 as
k → 0. The latter is true when both conditions k|a|  1
and kβ  1 are met.
B. Hamiltonian
In our model we refer to approach presented in the pa-
per of Busch et al. [25]. We consider two identical parti-
cles trapped in a harmonic potential and interacting with
a pointlike potential of zero range. The general Hamil-
tonian for a system consisting of two particles (without
internal degrees of freedom) interacting via contact po-
tential in an external isotropic harmonic oscillator trap
takes the form
H = − ~
2
2m
(∆1 + ∆2) +
1
2
mω2(r21 + r
2
2) +
2pi~2a
µ
δ(r)
∂
∂r
r,
(5)
where r1 and r2 are the position vectors of the two par-
ticles, r := r2 − r1, and ω is the trap frequency. In the
case of harmonic potential, the Hamiltonian can be sep-
arated into a center-of-mass part and the relative part,
H = HCM +Hrel. The HCM part takes the simple form
of harmonic oscillator Hamiltonian, while the relative-
part Hamiltonian takes form:
Hrel = −1
2
∆ +
1
2
r2 + 2piaδ(~r)
∂
∂r
r. (6)
Here, we have applied harmonic oscillator units with the
harmonic oscillator length
√
~/(µω), and energy ~ω. An-
alytical solutions of Hamiltonian (6) have been derived
by Busch et al. [25]. The eigenenergies are given by roots
of the following equation
2
Γ(−E/2 + 3/4)
Γ(−E/2 + 1/4) =
1
a
. (7)
The wave function for ` = 0 and E 6= 32 + 2n, n ∈ N
reads
ψ(~r) = Ae−r
2/2Γ
(
−1
2
E +
3
4
)
U
(
−1
2
E +
3
4
,
3
2
, r2
)
,
(8)
where Γ stands for the Euler Gamma function and U –
for the confluent hypergeometric function. The value of
energy E has to be calculated from Eq. (7) defining the
eigenergies. For ` 6= 0 both the eigenenergies and wave
functions are given by familiar solutions of the harmonic
oscillator problem.
C. Eigenergies and eigenfunctions
As the first step of our analysis we consider the relation
E(Re a) for fixed Im a value (see Fig.1). This way we are
investigating how the strenght of inelastic interactions af-
fects the system’s spectrum for changing elastic part of
the relative potential. Left panel of Fig. 1 illustrates the
behavior of the real part of the energy for lowest lying en-
ergy levels (labeled from E0 to E3 with the increasing real
part of the energy at a→∞ limit). One may see that, in
contrast to the nonreactive case (Im a = 0), for nonzero
Im a values the energy of the E0 level does not diverge
to minus infinity as a→ 0+ anymore. For weak inelastic
interaction (small |Im a|) the energy of the ground state
remains negative in some range of Re a values but for suf-
ficiently small and positive Re a the ground state energy
also becomes positive. For small Im a we observed that
the ground state crosses E = 0 value for Re a ≈ −Im a.
At the same time one may observe the occurrence of
level anti-crossings. For small |Im a| lowest excited states
seem to stay almost unperturbed, while the ground state
couples to one of the higher levels. With increasing |Im a|
value the E0 state couples to lower lying states and fi-
nally, for Im a ≈ −0.5 it remains the lowest energy state
for all Re a values. All levels lying over the coupled state
demonstrate a kind of ’reverse’ behavior with respect to
the pure elastic interacton case – for more negative Re a
values their energy is higher than for more positive val-
ues.
The right panel of Fig.(1) shows relation between ImE
and Re a. All included levels demonstrate a minimum in
imaginary part of the energy. Within investigated range
of Im a values (Im a ∈ [0,−1]) the minimum of ground
state is always the deepest one, however its depth de-
creases significantly with increasing |Im a|. The shape of
the other states changes to the much lower extent. As will
be explained later on, the imaginary part of the energy
might be directly related to the lifetime of the molecular
complex in particular state. Thus, one may conclude that
3FIG. 1: ReE (left panel) and ImE (right panel) dependence on Re a for various Im a values.
the ground E0 energy level is especially short-lived. This
might be associated with the fact, that in the molecular
complex two reactive molecules stay close to each other
for most of the time.
The detailed behavior of the energy levels and the wave
function in the regime of parameters close to the charac-
teristic point when the system exhibits an avoided cross-
ing is shown in Fig. 2. For a reactive system the notion of
the avoided crossing has to be extended, as both real and
imaginary parts of the energy have to be considered. In
Fig. 2 for Im a = 0.4 levels E0 and E1 seem to cross but
their imaginary parts are different. At the same time
their wave functions at the point corresponding to the
smallest |E1−E0| exhibit behavior typical for the ground
and first excited state in the trap. For Im a = 0.4427
the levels exhibit a true avoided crossing as their real
and imaginary parts have almost identical values at the
crossing point. In addition, their wave functions exhibit
similar shape. Finally for Im a = 0.5 the levels seems
to repulse each other in the vicinity of the crossing, and
their wave function become again very different.
D. Non-Hermitian Hamiltonian
Our characterization of the system consisting of two
reactively colliding molecules assumes the application
of the interaction with complex scattering length. Ba-
sic properties of non-Hermitian Schro¨dinger equation are
well studied in the literature (see for example [26, 27]).
In general, one needs to deal with two sets of eigen-
values ({λi} , {i}) and eigenvectors ({|ψi〉} , {|χi〉}),
where {λi} and {|ψi〉} are right-handed and {i} and
{|χi〉} are left-handed eigenvalues and eigenvectors, re-
spectively. The eigenvalues are in general complex and
satisfy the following equations:
H|ψi〉 = λi|ψi〉 , H†|χi〉 = i|χi〉.
Comparison of the equations above leads to the relation
between the eigenvalues from the both sets (the eigen-
spectrum of H is unique):
λi = i
∗ for all i.
The state vectors |ψi〉 and |χi〉 are in general different.
After a few simple steps, one may find that
(λi − j∗)〈χj |ψi〉 = 0.
This allows to choose a generalised orthonormality rela-
tionship:
〈χj |ψi〉 = δij .
In order to relate to complex eigenergies with the decay
rates of the reactive particles in the trap we consider
the time evolution of the density matrix. We start by
expressing an arbitrary wave function it in terms of right-
hand-side eigenvectors
|Ψ(t)〉 =
∑
i
ci(t)|ψi〉 , (9)
4FIG. 2: ReE (left panel), ImE (central panel) dependence on Re a for various Im a values and corresponding radial wave
functions for Re a values selected to minimize the |E1 − E0|.
where ci(t) are time-dependent expansion coefficients.
For a pure state the density operator ρ(t) = |Ψ(t)〉〈Ψ(t)|.
In general case
ρ(t) =
∑
i,j
cij(t)|ψi〉〈ψj | . (10)
where cij(t) is the time-dependent coefficient of the ex-
pansion. The time evolution of the density matrix is
ruled by a generalized Liouville equation (see for exam-
ple [26, 28])
ρ˙(t) =
1
i~
(Hρ(t)− ρ(t)H†) , (11)
Through expansion of the left- and right-hand sides of
this equation one arrives at
∑
i,j
c˙ij(t)|ψi〉〈ψj | = 1
i~
∑
i,j
cij(t)(λi|ψi〉〈ψj |−|ψi〉〈ψj |λ∗j ) ,
(12)
Now, projecting both sides of the expression above on
left-handed eigenfunctions 〈χi| from the left and |χi〉
from the right, we obtain
cij(t) = cij(0) exp
[(
λi − λ∗j
)
t
i~
]
, (13)
The coefficients of the diagonal part of ρ decay accord-
ing to
cii(t) = cii(0)e
2Imλit/~ , (14)
Taking into account that λi = i
∗, the lifetime of each of
the right-hand-side eigenstates of H is given by
τn = − ~
2Im n
. (15)
Thus, the higher modulus of imaginary part, the shorter
lifetime of the corresponding state.
III. ABSORBING QUANTUM WELL
In the second part of our study we investigate reactive
collisions between ultracold molecules using a model of
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FIG. 3: Absorbing square quantum well.
a square well potential with absorbing boundary condi-
tions at short range. The isotropic potential used in this
model allows for description of reactive collisions of par-
ticles taking into account some finite range of the interac-
tion potential. Absorbing boundary conditions result in
the particle losses in the elastic scattering channel. The
short range reaction rate is controlled by a single complex
parameter η.
Schro¨dinger equation and general forms of the radial
wave functions in the AQW model take the same form
as for the well known nonabsorbing case
H = −1
2
∆r + V (r) , (16)
where r parameterizes the radial direction in three-
dimensional space[31], while
V (r) =
{ −U for r < L
0 for r ≥ L (17)
and
ψin(r) = Ae
ikr +Be−ikr , k :=
√
2(E + U) (18)
ψout(r) = Ce
iκr +De−iκr , κ :=
√
2E, (19)
where ψin(r) := rΨ(~r) for r < L, ψout(r) := rΨ(~r) for
r ≥ L and A, B, C, D are constants.
The difference with respect to the nonabsorbing system
is in the boundary conditions at short range described
by the new, additional parameterη: |η| ≤ 1, η ∈ C. This
parameter modifies the A/B ratio (which for nonabsorb-
ing well was always equal to unity) and sets the phase
of the reflected wave. The requirement of the continu-
ity of the wave function and its derivative at r = L:
ψin(L) = ψout(L), ψ
′
in(L) = ψ
′
out(L), leads to the follow-
ing equations{
B
(
e−ikL − ηeikL) = CeiκL +De−iκL
−ikB (e−ikL + ηeikL) = iκ (CeiκL −De−iκL) .
(20)
In the case of absorbing well the standard boundary con-
dition ψin(0) = A + B = 0 has been replaced with
A+ ηB = 0 . This way η parameterizes the short-range
density flux of particles. For η = 1 there is no reaction
at short range, while for η = 0 the probability of the
reaction is equal to unity.
Solving Eqs. (20) together with the A+ ηB = 0 condi-
tion, we obtain
A˜ =
2κηe−iκL
κ (ηeikL − e−ikL)− k (ηeikL + e−ikL) , (21)
B˜ =
2κe−iκL
k (ηeikL + e−ikL)− κ (ηeikL − e−ikL) , (22)
C˜ = e−2iκL
κ
(
ηeikL − e−ikL)+ k (ηeikL + e−ikL)
κ (ηeikL − e−ikL)− k (ηeikL + e−ikL) ,
(23)
where A˜, B˜ and C˜ means A, B or C divided by arbitrary
value of D, respectively (see also Fig. 3).
One can show that the s-wave phase shift δ can be de-
termined from the tan δ = (C˜+1)/i(C˜−1) relation. This
leads to the explicit expression for the energy-dependent
scattering length a(κ) = − tan δ(κ)/κ,
a(κ) =
i
κ
[
1 + 2
κ
(
ηeikL − e−ikL)− k (ηeikL + e−ikL)
κ (ηeikL − e−ikL) (e−2iκL − 1) + k (ηeikL + e−ikL) (e−2iκL + 1)
]
. (24)
In the regime of small energies (E → 0) Eq. 24 may
be simplified to high extent – in this case one obtains
the expression for energy-independent scattering length
which takes takes the form
a(κ)→ a˜η(α) = L
[
1 +
i
(
ηeiα − e−iα)
α (ηeiα + e−iα)
]
(25)
where α :=
√
2UL .
6FIG. 4: Re a˜η (top) and Im a˜η (bottom) dependence on α for various η phases (left panel, |η| = 0.7) and for various η moduli
(right panel,Φ[η] = 0).
In Fig.(4) the dependence of the scattering length on
α for various η values is presented – the left panel illus-
trates dependences for various η phases (Φ[η]), while the
right panel shows the function for different values of η
modulus (|η|). One can see that for |η| → 1 the real part
of the scattering length becomes sharper – more similar
to the nonabsorbing case in which the function exhibits
discontinuities. These situations correspond to shape res-
onances of the quantum well. The behavior of the imag-
inary part also changes significantly with the modulus
value of the absorption parameter. For small |η| values
(strong short-range absorption) Im (a˜η(α)) oscillates in
quite regular way (its value is always negative). When
|η| → 1 again the function is getting sharp. The changes
observed for real and imaginary parts of a˜η presented in
the left panel are of the same type. One may notice that
the increase of the phase results in the shift of the peaks’
positions toward smaller α values – this shift is accompa-
nied by the increase in hight/depth. For Φ[η]→ 2pi each
peak is shifted to the initial position of its neighbor from
the side of smaller α.
IV. FINITE-RANGE INTERACTIONS OF
TRAPPED MOLECULES
In this approach we combine the harmonic trapping po-
tential with the interparticle interaction represented by
AQW model introduced in Section III to investigate the
finite-range interactions of trapped molecules. The rel-
ative Hamiltonian for such system (schematically shown
in Fig. 5) takes the form
H = −1
2
∆r +
1
2
r2 + V (r) , where (26)
V (r) =
{ −U for r < L
0 for r ≥ L . (27)
The solution of this eigenequation involves some steps –
finally one obtains it in simplified form
y
∂2
∂y2
h(y)+(`+
3
2
−y) ∂
∂y
h(y)+
2ε− 3− 2`
4
h(y) = 0 (28)
where y = r2, ε = E + U for r < L and ε = E for
r > L, l denotes the partial wave number and h(y) is the
function closely related to the wave function of the sys-
tem, namely ψ(~r) = Y`m(θ, φ)r
`e−r
2/2h(r2). Eq. (28) is
known as confluent hypergeometric equation. Its eigen-
functions may be generally expressed as linear combina-
tions of F [a, b, z] – Kummer’s (confluent hypergeometric)
function and U [a, b, z] – Tricomi’s (confluent hypergeo-
metric) function. The imposition of absorbing boundary
condition consistent with the AQW approach leads to
the following form of the radial part h(y) of the wave
function
7h(y) =
{
C1F
[
3+2l−2(E+U)
4 ,
3
2 + l, y
]
+ C2U
[
3+2l−2(E+U)
4 ,
3
2 + l, y
]
for r < L
C3U
[
3+2l−2E
4 ,
3
2 + l, y
]
for r ≥ L .
(29)
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FIG. 5: Finite-range interaction potential between molecules
in a harmonic trap.
Here, C constants depends on η parameter. The eigenval-
ues E and C1/C2 fraction may be obtained by imposing
of condition for continuity of the logarithmic derivative at
r = L. For simplicity we also assume that the quantum
well is sufficiently deep, such that L2  U and |E|  U .
In our study we solve the eigenproblem presented
above for ` = 0 case. Fig. 6 shows the calculated E(U)
dependences for various η values (left and right panels il-
lustrate ReE and ImE, respectively). It compares three
different approaches to the problem. First of all, the
’exact’ solution of the finite-range interaction model is
shown. Secondly, the δ - like contact potential model
combined with energy independent scattering length is
presented. Finally, we introduce the combination of δ -
like contact potential model and energy dependent scat-
tering length.
The second approach based on the standard pseudopo-
tential, one hand provides the simplest possible way to
solve the problem but on the other, as one may see in
Fig. 6, fails to reproduce results of the ’exact’ solution
in some cases (especially close to the avoided-crossing
points). The last of the three proposed models links some
of the advantages of previous both. Namely, it shows sim-
plicity comparable to the second method but at the same
time the correction of energy-dependency applied to the
scattering length leads to results almost identical with
those obtained with use of the ’exact’ approach. Thus,
we believe that the it can be considered as a method of
choice for this sort of investigation.
V. LIFETIME OF MOLECULES IN TRAPS
To apply our results to particular chemical system,
we calculated lifetime values for lowest energy levels
of two pairs of identical bosonic molecules trapped in
a harmonic potential: 41K87Rb and 7Li133Cs dimers.
Such molecules have been produced recently in the rovi-
brational ground state using photoassociation methods
[29, 30]. In this case we assumed that the initial state is
a pure quantum state of a harmonic potential. We mod-
eled the interaction with contact δ pseudopotential with
energy independent scattering length within the univer-
sal limit given by a = a¯− ia¯ [11], assuming the molecules
are highly reactive. In this regime the energy indepen-
dent model may be considered reliable, as long as exci-
tation energy in the trap is much smaller than charac-
teristic energy of van der Waals interaction ~ω  EvdW.
When the collision energy becomes comparable to EvdW
one expects some energy-dependent corrections to reac-
tive rates calculated in the zero-energy limit [13, 14].
In Fig. 7 the system’s lifetime dependence on harmonic
trap frequency for three lowest-lying excited energy levels
is presented. One may observe, that lifetime strongly
depends on the trapping frequency. By increasing the
trapping frequency the lifetime of all shown excited states
decreases like ∼ 1/ω. At the same time the ground state
lifetime remains well below a microsecond (not shown
in Fig. 7). This might be related to the fact that for
positive real part of the scattering length, the ground
state of two particles in a harmonic trap correspond to
a molecular complex, where two molecules stays close to
each other. In such a case the reactive loss process is
strongly enhanced.
For typical depths of the optical lattice potential,
which is of the order of 50 Er (recoil energies) in cur-
rent experiments [20, 23], the trapping frequency for
KRb molecule at the bottom of the single well is about
20 kHz. For this trapping frequency our model pre-
dicts the lifetime of the order of 0.5 ms for KRb and
0.4 ms for LiCs particles in the lowest excited state of
a harmonic well. Thus, our model remains compat-
ible with predictions based on the 3D universal rate
Kre = 2a¯~/µ ≈ 1.3 × 10−11 applied to the size of
the ground state of the harmonic potential, which at
20 kHz is l = 2aHO = 2~/µω ≈ 180 nm leading to the
lifetime τ = 0.5 ms. In recent experiments, however,
the two-body loss rate for collisions of KRb molecules
in two different rotational states was measured to be
9.0(4)×1010 cm3/s [20], which is much larger than univer-
sal two-body loss rate Kre. Therefore lifetimes predicted
by our theory are about two orders of magnitude larger
than the on-site loss rates that were measured in experi-
ments [20]. This suggests that loss rates for collisions of
molecules in two different rotational states are probably
non-universal.
8FIG. 6: ReE (left panel) and ImE (right panel) dependence on u for various η values: black – the zero-range interaction model
with energy independent scattering length, red – the zero-range interaction model with energy dependent scattering length,
green – the finite-range interaction approach.
FIG. 7: Lifetime dependence on harmonic trap frequency for two colliding 41K87Rb (solid lines) and 7Li133Cs (dashed lines)
molecules in the universal limit.
VI. CONCLUSIONS
In conclusion, we studied the problem of two ultra-
cold particles confined in spherically symmetric harmonic
trap and interacting via isotropic potential with absorb-
ing boundary conditions at short range that represents
reactive scattering. This can correspond, for instance,
to collisions of two molecules in the rovibrational ground
state. We applied the contact pseudopotential with com-
plex scattering length and investigate the properties of
eigenergies and eigenfunctions for different trap states as
a function of real and imaginary part of the scattering
length. In the analyzed case the eigenenergies take com-
plex values, and their imaginary part can be interpreted
in terms of decay rates. When increasing the imaginary
part of the scattering length the energy spectrum ex-
9hibits series of crossings. At the same time the lifetime
of a bound state becomes very short and bound state can
exist only for sufficiently large real part of the scattering
length. In the second part of the paper we introduced
the model of a square well with absorbing boundary con-
ditions that was later used to investigate the effects of
the finite range of interaction on the properties of a re-
active scattering in the trap. We concluded that the real
part of the energy spectrum is well reproduced by the
contact pseudopotenial apart from the region where the
scattering length diverges. The proper description of the
imaginary part of the spectrum requires, however, appli-
cation of the energy-dependent scattering length in the
pseudopotential. Finally, we analyzed the decay rates
for some reactive alkali dimer molecules assuming short-
range probability of reaction equal to unity, for different
eigenstates of particles in the trap. In this case the com-
plex scattering length is given by universal value related
to the mean scattering length of van der Waals interac-
tion between molecules.
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